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Abstract

For a class of interacting particle systems on a countable set, including the
so-called linear systems, self-duality has proved to be a strong tool to show
longtime convergence to an invariant state vy from a constant initial state
0. This convergence was extended to a class of translation invariant random
initial states through the Liggett-Spitzer coupling.

Here we drop the assumption of translation invariance of the initial state.
Instead, we assume only that there exists a global density @ in a certain L2-
sense. We use the duality to carry out a comparison argument and show
convergence to the same 1y as above. We treat some examples in more detail:
the parabolic Anderson model, the mutually catalytic branching model, and
the smoothing and potlatch processes.

1 Introduction

Our purpose here is to present some new weak convergence results for interacting
particle systems that enjoy the “linear systems” type duality as described in Chapter
IX of Liggett (1985). This particular form of duality was first exploited by Spitzer
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(1981) in his study of the smoothing, potlatch, and coupled random walk processes.
For this class of processes, duality and a simple martingale argument prove weak
convergence of the process from constant initial states. To obtain convergence from
nonconstant initial states, a coupling method introduced in Liggett and Spitzer
(1981) can be used. The coupling method is not duality based.

The Liggett—Spitzer coupling method generally requires that the law of the ini-
tial state be translation invariant. We show here, for interacting particle systems
with the linear systems type duality, that duality itself can be used to prove weak
convergence of the process from some nonconstant initial states. Translation in-
variance of the initial state is not needed, nor is it necessary to assume translation
invariance of the basic mechanism defining the process. We will apply our method
to three examples: the parabolic Anderson (or linear random potential) model con-
sidered in Shiga (1992), the mutually catalytic branching process introduced in
Dawson and Perkins (1998), and the smoothing and potlatch processes.

This work originated in an attempt to extend Theorem 1.4 in Dawson and
Perkins (1998) to nonconstant initial states. Since the Liggett—Spitzer coupling
does not seem to apply to the mutually catalytic branching process, another method
was needed. We found that the model’s self-duality property could be used. This
duality is similar to the linear systems duality, and we found that our method could
also be applied in the linear systems setting.

The heart of our proofs is a convergence in probability statement for the dual
process in a fairly general setting (Theorem 3.1). Since this proposition looks rather
abstract without some motivation, we start in Section 2 by giving a direct proof of
convergence for the parabolic Anderson model, which is the simplest of the models
we treat. We then present the general convergence result in Section 3, and use it to
obtain convergence results for the mutually catalytic branching process in Section
4 and the smoothing and potlatch processes in Section 5. We note that the method
actually gives more than convergence to an equilibrium state from a broad class
of initial distributions—it shows that if we pick the intial state from this initial
distribution, the resulting random probability measure on the state space converges
in probability to the equilibrium measure as time tends to infinity. This extension
is used in Cox and Klenke (1998) to show that for a class of processes (including
the mutually catalytic branching model in the recurrent setting) one obtains a.s.
accumulation at all points in the support of the equilibrium measure.

As will become clear when we give the details of our first example, our method
does not provide any new information on the specific nature of a given weak limit.
Depending on the parameters involved, such a limit may or may not be “degenerate”
(e.g., concentrated on the zero configuration). It is a fundamental problem to
determine which is the case. What we show, roughly speaking, is that if two initial
states have the same spatial density, measured in an appropriate way, and the
process starting in one of these states has a weak limit, then the process starting in
the other state has the same weak limit.

We introduce now some notation that will be common to our examples. Let S
be a countable set, and let p(i, j), i,7 € S be a (discrete time) irreducible Markov
chain transition matrix. We assume p is doubly stochastic so that p(i,j) = p(j,1)
is also a transition matrix. Define the continuous time kernel p;, t > 0 by

o0 n

puling) = e 3 5 pM ), (1.1)

n=0 "

where p(™) is the nth iterate of p. For ¢: § — [0,00), define P;¢ and ¢P, by



Pt(b(z) = Zjespt(ivj)¢(j) and ¢Pt(j) = ZjGS (b(z)pt(lvj) For ¢7¢1 S — [0700)7
let (¢, 1) = > ,c5®(i)1(i). For 6 € [0,00) let 8 € [0,00)° be defined by 6(j) = 6.
Let X be the set of z € [0,00)° such that z(j) = 0 for all but finitely many
j €5, and let X; denote the set of those x € [0,00) such that (z,1) < co. Unless
otherwise noted, all sums will be taken over S. Finally, I denotes the identity

matrix, £ denotes law, 4 denotes equality in distribution, and = denotes weak
convergence of probability measures.

2 Parabolic Anderson Model

We consider an interacting diffusion z;, taking values in [0, 00)®, called the parabolic
Anderson model in Shiga (1992). The evolution of z; is determined by the equation

dz (i) = (p — Dy (7) dt + cxy (i) dBy(7), ies. (2.1)

Here c is a fixed positive constant and {B;(i),i € S} is a collection of independent
one-dimensional Brownian motions. To define the state space X, let v € [0,00) be
a strictly positive, summable reference measure satisfying, for some finite constant
r

)

p < T. (2.2)

There is always such a reference measure (see Liggett and Spitzer (1981)). Let
X=X,={ze[0,00)%: (x,7) < oo}. We endow X with the topology generated
by componentwise convergence. By results of Shiga and Shimizu (1980), for each
starting point, zg € X, there is a unique strong solution x; of (2.1) taking values
in X. We let P? denote its law on C([0,00), X). Note that (x;) is linear in the
following sense: If (z}) and (z7) are solutions of (2.1) with the same (B;), and a
and b are constants, then

T} =) + 2} (2.3)

is also a solution of (2.1).
As noted in (2.5) of Cox, Greven and Shiga (1995), for g € Xp, E*[z(i)] =
Pxo(i), and

E* [z (i)z:(5)]

t
= Pyao (i) Prao(j) + 02/ Zpt—r(ia k)pe—r (j, k) E® [ (k)] dr. (2.4)
N :
It follows that

E®[(x;,1)%] = (20,1)? + ¢ /0 E®[(22,1)] dr. (2.5)

By standard arguments and Gronwall’s inequality, for all xg € Xy and ¢ > 0,
E™[(x4,1)?] < 0. (2.6)

It is easy to see from (2.1) and (2.6) that for zy € Xy, (x¢,1) is a continuous,
square-integrable martingale.



Let #; denote the process determined by (2.1), but with p instead of p. Then a;
and Z; are dual in the following sense. Given initial states zo € X and Ty € Xp,

(wr, To) £ (w0, F). (2.7)

A proof of this fact follows exactly as in Theorem IX.1.25 in Liggett (1985).
Suppose now that > 0 is fixed, and z¢ is the parabolic Anderson model with
initial state 2§ = 0. Then, for any ¢ € Xp, (2.7) implies that

The right side of (2.8) is a nonnegative martingale, and hence converges a.s. as
t — oo. Therefore, the left side of (2.8) must converge as ¢ — co. On account of
this, there is a probability measure vy on X such that

L[28] = vy as t — oo. (2.9)
In particular,

E¢[e~0(L#)] = Ele(@09)]

[
(2.10)
— /e_@"b) vg(dz) as t — oo.

Note that by the linearity property (2.3), vp(A) = v1(0~*A).

In some cases, the limit vy may be concentrated on the configuration which is
identically 0. In Remark 2.2 below we recall conditions which determine, in some
cases, whether or not this happens. Our goal is to show that convergence to 1y
holds for a large class of initial states with an appropriately defined spatial density
0.

For 6 € [0,00), define My to be the collection of probability measures v on X
such that

st;p/x%k)du(x) < 00, (2.11)
Jim [ (Pea(k) — 0)*dv(x) =0, keS. (2.12)

Suppose, for example, P; is the semigroup of simple symmetric random walk on
Z3. If {z(k) : k € Z} are iid non-negative random variables with mean ¢ and finite
variance, then their law v is in My. However, there are a number of non-translation
invariant laws in My. If 2(k) = 1(k1 < 0) clearly 0, € M, /5. More generally, if
z € [0, oo)Zd is bounded and the average value of z in a ball (Euclidean metric)
approaches 6 as the radius approaches co, then it is not hard to show that d,, € My.

Our main technical result is the following.

Proposition 2.1 Assume p is doubly stochastic. Let 6 € [0,00) and let v € M.
If ¢ has law v, and g € Xp, then

(20— 0,3:) — 0 (2.13)
in v @ P¥-probability ast — oo.

Corollary 2.1 If S =74, p(i,j) = p(0,5 — 1), v = L]xe] is translation invariant,
shift ergodic, and satisfies [ x(0)dv(z) =0, then (2.13) holds.



Proof. For N > 0 define z{Y (i) = zo(i) AN, and let O = [[z(0) A N]dv(z). Then
<I0 - 07£t> = <I0 - ‘Tévaf%t> + <xév - 0N;£t> + <0N - 0;£t>-

It is easy to see (Theorem 5.6 in Liggett 1973) that L]z{’] € My, , so that for each
N, (2} —0n,%) - 0inv® P*0-probability as ¢ — co. On the other hand, letting
E denote expectation with respect to v @ P*o,

E[(zo — z},#)] < /x(O)l{m(0)>N} dv(z) (1,Z¢) — 0

and
E[(6 — 6n,2:)] = (6 — On) (1,30) — 0

as N —oo. O

Let us see now what duality and (2.13) imply. Let Zp € Xp, and let 2 have
law v which satisfies (2.13). By (2.7),

E[e_@f’j”)] = EY @ E%o [6_($07it>]
] : ) (2.14)
o id ® | DR [e*<I0*97$t> 679(1,mt>] )
By (2.13) e~ {@0=0:2:) — 1 in P¥ @ P¥o-probability as ¢t — co. Therefore, in view of
(2.10),

lim EY[e~®09)] = / e duy(z), (2.15)

t—o0
and we have established the following.

Theorem 2.1 Assume that p is doubly stochastic, and either (i) Lzo] € My, or
(ii) S = 24, p(i,§) = p(0,j — i), and L[xo] is translation invariant, shift ergodic,
and satisfies E[xo(0)] = 0. Then Lz:] = vy as t — oo.

Remark 2.1 It is possible to formulate and prove a stronger type of convergence
than given above, which is used in Cox and Klenke (1998). We do this for the
mutually catalytic branching process in Theorem 4.1(a) below.

Remark 2.2 Suppose that S = 7% and p(i, j) = p(0,j —4). If the symmetrization
of p is transient, and c is sufficiently small, Theorem 1.1 of Shiga (1992) implies
that L[xi] = vy for any initial law v which is translation invariant, shift ergodic,
and satisfies [ x(0) dv(z) = 6. If the symmetrization of p is recurrent, Theorem 2
of Cozx, Fleischmann and Greven (1996) implies that vg = do, and that L[z,] = do
for any initial law v which is translation invariant and satisfies [ z(0) dv(z) < oo.
For information concerning the case when the symmetrization of p is transient and
c is large, see Theorem 1.2 in Shiga (1992).

Proof of Proposition 2.1. Recall that the total mass process (Z;,1) is a continuous
square-integrable martingale. By (2.1) and (2.6), (&, 1) = (Zo, 1)+, M (i), where

My(i) = ¢ / 7 (i)dB, (i)



and the sum converges in L2. The M;(i) are continuous, square-integrable orthog-
onal martingales, with

The continuous martingale (Z;, 1) has integrable square function A, = >, (M (7));.
Since (7, 1) converges a.s. P¥ as t — oo,

=c? - Ts(2 2ds < 00 a.s. P,
= /O Z (i)?ds < P

It is straightforward to check, by applying It6’s formula to Pt_sis(i), that we
have the representation

(2.16)

Zi(i) = Pio(i / Zpt s(i, 7) dM(5). (2.17)

Let zo have law v, let A = zg — 6, and set P = v @ P%. Since v € My, C =
sup; [[A(i)?]dv is finite. It follows easily that

Sutp/ A(i)2dv < C, (2.18)

and also that (E denotes expectation with respect to P)

Z/Pts V2%4(i) ds <C/E””° (Z5,1)%]ds < o0.

Consequently, letting

Nt = Z/O AP,_,.(i)dM,(i), s<t, (2.20)

(2.19)

we have
(A, &) = (A, P@o) + N (2.21)

Here, {N{, s < t} is a continuous, square-integrable martingale under P, with square
variation function

_ /O SZAPH@)? dM (i), <00 as. P,

Here we have added z( to the underlying filtration at time 0.
We are now ready to prove (2.13). It is straightforward to check that

/(A,Ptfc())QdV = /(PtA,j0>2du



Using (2.12), (2.18), and the fact that o € X, it follows that
/(A, Piio)2dv — 0 ast — oco. (2.22)

The next step is to show that for all ¢’ > 0,
lim P[(N), >&'] =0. (2.23)

To do this, we consider the expectation

Jvua= [ > [ Pernio? avapaa,
-y /0 ST / P e AG)? dv d(M (i),

We note that 1{T<t}fpt_rA(i)2 dv — 0 as t — oo, and is bounded by C (by
(2.18)). Hence, on account of (2.16) and the bounded convergence theorem,

pio Llijgo/wt)t dv = o} =1 (2.24)
Therefore,
P[(N') > €'l = E™ [v[(N"), > €']] =0 (2.25)

as t — oo, which proves (2.23) .
By a standard stopping time argument for martingales, for any € > 0,

P[|N}| > &, (N*); <&*] <e. (2.26)
The claim (2.13) now follows from (2.21)- (2.23) and (2.26) (set &’ =¢3). O

3 A Convergence Result for the Dual Process

The key step in the proof of the convergence to equilibrium for the parabolic Ander-
son model was the convergence in probability statement for the dual process given
in Proposition 2.1. As the argument leading to that conclusion applies in a num-
ber of different settings exhibiting a similar duality, we now prove a general result.
Recall that P; is the continuous time transition matrix associated with a doubly
stochastic matrix p(i,j) on a countable set S. Let {S,} be a sequence of finite sets
which increase to S as n — oo. We endow the set [0,00)° with the topology of
pointwise convergence.

Let {x(i) : t > 0,4 € S} be a right-continuous with left limits (RCLL) stochas-
tic process taking values in [0,00)°, defined on some probability space (Q, F, P%).
Assume

X: = (x4, 1) is a square-integrable RCLL martingale, (3.1)
and there is a family of RCLL L?-martingales {M,(i),t > 0,i € S} such that, a.s.
forallie S andt >0,

70 = o)+ Y [ Pilicd) V() = Pl + [ [ Pres ] @) 2



Here it is understood that the series in (3.2) converges in L2 For ¢ : S — R let
Z¢ 0, M(5)e, (3.3)
|Ql:(o Z¢ M{(i), M(5))1e (3.4)

where [(M (i), M(5))|: is the total variation of (M (i), M(j)) up to time ¢. We will
also use the notation

/0 6dQ, = /0 §¢<i>¢<j>d<M<i>,Mu>>t,
/0 b d|Ql; = / ;¢<i>¢<j>d|<M<z'>,M<j>>|t.

To ensure these expressions make sense, at least for bounded ¢, we assume
E[|Q(1)] < oo  forall ¢t > 0. (3.5)

Here is our main convergence result.

Theorem 3.1 In addition to (3.1)~(3.5), assume that

|Qloo(1) <00 a.s. (3.6)

Let v be a probability measure on R® such that

= sup/¢ du 0,
keS
hm / oP(k (¢)=0 for all k € S.

Then (¢, z) — 0 in v @ P*-probability as t — 0.

Pmof Let P = v ® P?, and let (¢,w) denote a generic point in R x Q. Let
NI Uo P,_,.dM, }(z), s < t, so that we may write z; = P;zo + N}. By (3.2),

(p1s, ,24) = (pls,, Pawo) + (¢ls,, N}).

As n — oo, the left side and first term on the right side above converge in L?(P)
o (¢, x¢) and (@, Prxg), respectively. This is because, for m < n,

E|(6(1s, — 1s,,), 2:)*+(o(1s, — 1Sm)7Pt$O>2}
< CW)E” [(Ls, = Lo, ) + (15, = 1s,,, Fizo)?],
and by (3.1), the right side above tends to 0 as m,n — oco. Therefore,

(¢, N{) = Jim (415, N, H in L?

exists, and by Doob’s strong L? inequality, E[sup,<; [(¢1s,, N) — (¢, N)[*] — 0 as
n — oo. Consequently, (¢, N!) is a RCLL L2?-martingale, and its predictable square



function is the L2-limit of =, [ (¢1s, Pi—r)(§)(¢1s, Pi—r) (7" )A(M (5), M (5")),
given by

> [ oreston iaonn e = [(orae. 6

(The L? limit follows easily from (3.5), (3.7) and the dominated convergence theo-
rem.) To sum up, we have established that

(6, 21) = (¢, Piwo) + (6, NY), (3.9)

where {(¢, N!),s < t} is a RCCL L?-martingale, with predictable square function

<<¢a Nt>>S = fos(d)Ptfr) er
We must show both terms on the right side of (3.9) tend to 0 in P-probability
as t — oo. The first term is easy. By (3.7),

sup/(th(k)Q dv(¢) < C(v). (3.10)

keS

Therefore, we have
[ (6P dvio) = [ (6P w0 (o)
—Zxo 20(k) [ @P)G)@P)(K) dv(o)

[Zzo ([ erii?ane) | 340

— 0

as t — oo by (3.1), (3.7) and dominated convergence.
To handle the martingale term in (3.9), we have

[toNyavte) = [ / (6Pr—,)dQ, (o)
S/O 1{r<t}(/(¢Pt—r)2 d’/(¢))1/2 d|Q.

Note that 1¢, [ (#P—(k))? dv(¢)]'/? — 0 pointwise as t — oo by (3.7), and by
(3.10) is bounded by C(v)'/2. Therefore, by (3.6) and dominated convergence,

lim | (¢, N))edv(¢) =0  Po-as. (3.12)

t—o0
Using this fact and a standard stopping time argument for martingales, we have

P[|(¢, N})| > e] <P[({¢, N')): > °] + P[[(¢, N{)| > &, ((§, N')); < "]
<E" [v({({¢, N*))y > )] +e
< 2e

for ¢ large. This completes our proof. [J



For the applications we have in mind, (3.1)—(3.5) will be easy to verify and (3.7)
will be our working hypothesis on v. We now assume (3.1)—(3.5) and provide some
alternative conditions which imply (3.6).

If we repeat the first part of the previous proof with ¢ = 1, we see that

<$t, .’L‘o, +Z / Pt—des] (z),

where the sum converges a.s. and in L*. Let P(Sn,j) = ;g Pr(i,7). Then

Z[/Optde Z/Ptsm ) dM,( Z/ptsmde()

1€S, JjESE,
- Ei,m + 3

Dominated convergence and (3.5) imply that
lim E®0 [|2}Lm -y Mt(j)ﬂ =0,  lim supE™ [|¥2,,*] =0.
This easily shows that >, M;(j) converges in L? to Zl[f(f P;_sdM,(i)], and so
(recall (3.1))

Xo=Xo+ Y M(j). (3.13)

J

On account of this,

(X)) = Q4(1) forallt >0 a.s. (3.14)

Now, by the martingale convergence theorem, X, = lim;_,,, X; exists and is
finite a.s., and we would like to infer that Qoo (1) = lim;_. Q+(1) is finite a.s. too,
but this requires an additional hypothesis if X is not continuous.

Lemma 3.1 Assume (N¢,t > 0) is a nonnegative, square-integrable, RCLL mar-
tingale. If T,, = inf{t : N; > n} (with inf () = 00), and for each positive integer n,
E[(N1,, — N1, —)?1i1, <00})] < 00, then limy_oo (N); < 00 a.s.

Proof. The assumption on the jumps implies that, for each n, the martingale
M = NZvp, — (N)iar, is L'-bounded. Hence, as t — oo, M™ converges a.s.
to a finite limit Még ). Since N; is a nonnegative martingale, N; converges a.s.
to a finite limit Nu. Therefore, on {T, = oo}, (N); — (N)oo = N2 — M as
t — o00. The fact that N is finite a.s. implies that P[U,,{7T,, = co}] = 1, and hence
P[(N)ow <o0]=1. O

Here then are two conditions which together will imply (3.6). The first one is

d{M (i), M(5)) >0 for all 4,5 € S,t >0 a.s. (3.15)
The second, with T;, = inf{¢: (z;,1) > n}, is
E[((zr,,1) — (@1,-,1))*1{T, <00}] <00 for all n. (3.16)

Theorem 3.2 Assume (3.1)~(3.5), (3.15) and (3.16). Then (3.6) holds, and so
if v is a probability measure on R® satisfying (3.7), then (¢,z;) — 0 in v @ P™-
probability as t — oo.

Proof. Lemma 3.1 implies Q0 (1) < o0 a.s., and (3.15) implies |Q|w(1) = Quo(1)
a.s. Therefore, (3.6) is true, and Theorem 3.1 completes the proof. [

10



4 Mutually Catalytic Branching

As in Dawson and Perkins (1998), let (ut,v:) denote the mutually catalytic branch-
ing model defined by

duy = (p— DNup dt + (cutvt)1/2dBt,

4.1
dvy = (p — Dvy dt + (cugo)2dW;. )

Here, p(i,j) is an irreducible Markov chain transition matrix, ¢ is a fixed positive
constant, and the {B:(i)} and {W;(i)} are independent families of independent
one-dimensional standard Brownian motions. As in Dawson and Perkins (1998), we
assume S = Z<, p(i, j) is symmetric, and the exponential growth condition (H2) of
that paper holds. This growth condition is satisfied, for example, when p(i, j) is the
transition function of a symmetric random walk such that >, ¢_x(k)p(0,k) < oo
for all A > 0, where ¢y (k) = eM*l, |k| = Ele |k;|. To define an appropriate state
space, we introduce

Miem = {u: Z* — Ry such that (u,$5) < oo VA < 0}.

Let |ulx = sup{|u(k)|pr(k) : k € Z?}, and topologize Miem so that u, — u in
Miom iff limy, o |ty — uly = 0 for all A < 0. For each pair of initial conditions
(ug,vo) € M2, there is a well defined Markov process (u;, v;) determined by (4.1)
taking values in M2, (see Theorems 1.1 and 2.4 in Dawson and Perkins (1998) for
precise details), and its law P(0:*0) on C([0,00), M2,,) is unique.

The mutually catalytic branching process (ug, v¢) is self-dual. Let (uq, v¢) be the
mutually catalytic branching process with initial state (ug,vo), and let (4, o) be
the mutually catalytic branching process with initial state (g, U9). Mytnik (1998)
(see also Theorem 2.4 in Dawson and Perkins (1998)) showed that for ug, vo € Miem
and g, 09 € Xp,

E('U«O;UU) [e_<ut+vt)ﬁ0+ﬂ0>+i<ut—vt,ﬁo—ﬂo)]

(4.2)

— E(@0,%) [e*(u0+vo,ﬁtJr'Dt)Jri(uo*vo,ﬁt*ﬁt)]

Suppose now that a,b > 0 are fixed. Let (uf,v?) denote the mutually catalytic
branching model with initial state (ug,v}) = (a,b). Then (4.2) implies that for o,
'DQ in XF,

E[67<u?+vf,ﬁg+f}g>+i(uf71)?,7107170)]

4.3
— B 0:70) [ (a+b) (L +T0) +ila—b) (L —00) (4.3)

By Theorem 2.2 in Dawson and Perkins (1998), (1,4;) and (1,?;) are nonnegative
martingales, and hence converge a.s. P(#0:%) as t — co. Therefore, the left side of
(4.3) must converge in distribution as t — oco. It is not hard to see that this implies

there is a stationary probability measure v, ) on M2, such that
Ll(uf,v))] = Vi) ast — oo

in the sense of weak convergence of probabilities on M2

fom (see Theorem 1.4 of
Dawson and Perkins (1998)). In particular,

E (%) [ (aH0) (Ll +80) +i(a—b) (Ll —00) | = Ryl (uf +ot-¢+)Filuy —v6—v)]

_}/67(u’+v’7¢+¢>+i<“,7v/’¢7¢>dV(a,b)(ulaU/) (4.4)

11



as t — oo. If T is the first exit time of planar Brownian motion (B}, B?) from the
first quadrant starting at (a,b), then under appropriate recurrence hypotheses on
P, (satisfied, for example, by simple symmetric random walk in 1 or 2 dimensions),
V(ap) () = P[(B},B%) € -], where B%.(k) = B, for all k. Hence u =0 or v = 0
V(a,p)-a.8. For transient Py, u(k)v(k) > 0 for all k v(q)-a.s. See Theorems 1.5 and
1.6 of Dawson and Perkins (1998) for the precise results and further information
about these limiting laws.

For a,b > 0, define M, to be the collection of probability measures v on
Miem X Miom such that

st;p/(uz(k) +v2(k)) dv(u,v) < oo, (4.5)
tli)rgo [(Pou(k) — a)? + (Poo(k) — b)) dv(u,v) =0, ke Z% (4.6)

As does My in Section 2, this class contains non-translation invariant laws. Assume,
for example, that P; is the semigroup of simple symmetric random walk. If

(uo,v0) = (1(k1 < 0),1(k1 > 0)), (4.7)

then d(yy,00) € M(1/2,1/2)- As for the parabolic Anderson model, if ug, vo are

bounded non-negative maps on Z¢ whose averages over Euclidean balls approach a

and b, respectively, as the radius of the ball approaches oo, then d(,, v,) € Ma,p)-
Our main technical result for the mutually catalytic branching model is:

Proposition 4.1 Leta,b>0, and v € Mqp). If (uo,vo) has law v, and (i, o) €
XF X XF, then

[(uo — a, )| + [(vo — b, )| + [(uo — @, o) + [(vo — b, o) =0 (4.8)
in v @ PE0:%) _probability as t — co.
As in Section 2, a truncation argument can be used to prove

Corollary 4.1 If p(i,j) = p(0,j — i), and v = L[(ug, vo)] is translation invariant,
shift ergodic and satisfies [u(0)dv((u,v)) = a and [v(0)dv((u,v)) =b, then (4.8)
holds.

Proof of Proposition 4.1. Let P = v @ P(%0:%)  We will show that for all € > 0,

tlim P[|(u —a, )| > ] =0, (4.9)

and it will be clear that our proof will apply to the other terms in (4.8). By Theorem
2.2 of Dawson and Perkins (1998),

@iy (i) = Priig(i) + Z/O pr—s (1, ))dM(j),

where the series converges in L2, and the {(M¢(i))t>0, @ € S} are orthogonal square-
integrable continuous martingales with square variation functions

(M (i) = / (15 (1), (3)) ds.
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The same result shows that (@, 1) is a continuous square-integrable martingale.
Therefore, (3.1) and (3.2) hold. The orthogonality of the {M (i)} and square inte-
grability of the total mass martingale imply (3.5) and (3.15), and the continuity of
(g, 1) implies that (3.16) holds trivially. Consequently, we may apply Theorem 3.2
with the measure v of the result given by L{ug —a]. O

As with the case of the parabolic Anderson model, we can use duality and
Proposition 4.1 to prove a convergence result for (us, v:). Let d be a complete metric
inducing the topology of weak convergence on the space M; (M2 ) of probability

tem
measures on M2, .

Theorem 4.1 Let v = L[(uo,v0)]. Assume either that (i) v € M), or (ii)
p(i,7) = p(0, j—i) and v is translation invariant, shift ergodic and satisfies [ (0) dv((u,v)) =
a and [v(0)dv((u,v)) =b. Then

(a) d(P(“*”)[(ut,vt) €], Viap)) — 0 in dv(u,v)-probability as t — co.

(b) LY[(ug, v¢)] = V(ap) ast — oc.

Proof. Clearly (b) follows from (a) by integrating out (u,v) with respect to v.
For (a), choose g, 7 € Xr and let P = v @ P(@-%)_ Note that under P, (u,v)
is a random variable with distribution v. If we let

fu,v, ¢,1p) = e*<u+v*(%1er)7<15er>Jri<ufvf(a*b),civﬂlJ)7
then by (4.8), f(u, v, 9;) — 1 in P-probability as t — oo. By (4.2),
E(U;U) I:e_<ut+vt;a0+50>+i<ut—vt7’a0—ﬂ0>]
_ E(ﬂo,f}o) I:e*((u+v),ﬂt+f}t)+i((u7v),ﬂt7ﬁt>}
= B0 [ f(u, v, @y, )~ (@O Lt +ila—b) (L, —0.)]
By (4.4) and the above,

E(u,v) [e—<ut+vt,ﬁo-i-ﬁo)—i-i(ut—vt,ﬁo—ﬂo)]

’ !~ ~ . ’ !~ ~ 4-10
N /e—(u +v' Go+0o)+i{u' —v" i —70) dl/(a,b) (UI,U/) ( )

in dv(u,v)-probability as ¢ — oo. If A > 0, then Theorems 2.2(b)(iii) and 1.4 of
Dawson and Perkins (1998) show that

1B o 0ma)) = [t 0 0m0) dvy o) )
= /‘(Pt(u +tv),¢_x) —(a £ b,¢_,\>‘ dv(u,v)
<> ¢oa(k) /[IPtu(k) — al + |Piwo (k) — b]] dv(u, v) (4.11)
k

— 0 ast— oo,

where we have used (4.5), (4.6), and dominated convergence in the last line. Let
X% be the set of @y in X taking on rational values. Choose a sequence t,, — 0.
By (4.10) and (4.11) we may choose a subsequence t,, such that for v-a.a. (u,v),

lim E(uﬂj) [e*<“tnk Ve, ’ﬁ0+ﬁ0>+i<ut"k —Vtn, ,ﬂoffz())]

k—o0

_ / e (v o o) il B0 =T0) gy (0 0 for all dig, T € X, (4.12)
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and

lim E(“’”)Kutnk + vt s D] = /(u' + ', d-\)dV(a,p) (u',v") for all A € Q, X > 0.

k—o0
The latter implies that for v-a.a. (u,v),

stlip E(“’U)Kutmc + v, ¢-)] < oo forall A > 0. (4.13)

Fix (u,v) outside of a v-null set so that (4.12) and (4.13) both hold. A simple
approximation argument using (4.13) to bound sup, E(W’)Kutmc + v, 1r)] for
each finite set F', allows one to extend (4.12) to all @, ¥y in Xp. This extension,
together with (4.13), allows us to apply Lemma 2.3(c) of Dawson and Perkins (1998)
to conclude that

d(P(u’v)((Utnmvtnk) € ), V(ap) = 0as k— oo v —aa. (u,v).
(4.14)

We have shown that every sequence ¢, — oo has a subsequence satisfying (4.14),
and so (a) is now immediate. O

We include (a) because it is used in Cox and Klenke (1998) to show that, under
the appropriate recurrence hyptheses mentioned above, as t — oo, the “predominant
type” near 0 changes infinitely often. (Recall in this setting that there is extinction
of one type in the equilibrium limit.) This result was the original motivation for
this work.

These methods also apply to the continuous version of (4.1). Let Wi and Wa
be independent space-time white noises on R4 x R4 and consider the system of
stochastic partial differential equations

u 2u .
B t0) = 5 9 (t.2) + (eult, 2)o(t, ) 2Wi 1, 2), -
v 2 . '
%(t,x) = %%(f, ) + (cult, z)o(t, )2 Wa(t, z).

See Dawson and Perkins (1998) for a precise interpretation of this pair of equations.
Let | f|x = sup{f(z)eM®! : x € R} and assume that ug, vy € C;.,, where

em’

Ctn={f:R—][0,00): fis continuous, and |f|y < oo for all A < 0}.

We topologize C;f so that f, — f in C;., if and only if |f, — f|x» — 0 for all
A <.

By Theorem 1.7 of Dawson and Perkins (1998), there is a unique (in law) solution
(ug, ve) of (4.15) satisfying (u.,v.) € C([0,00), (Cif,,)?). Uniqueness was first shown
by Mytnik (1998) through the continuous analogue of (4.2). Let P(**) denote the
law of the solution of (4.15) with (ug,vo) = (u,v), and let P denote this law if
L[ug, vo] = v, a probability measure on (C; )2

As in Dawson and Perkins (1998), for the purpose of convergence to equilibrium,
we weaken the topology on C; . Let M¢,, = C;t . but the weak topology given by:
fn— fin ME if and only if lim [ f,(2)é(z) dz = [ f(z)¢(x) dx for all continuous
¢ satisfying ||y < co for some A > 0. As before, let P** denote the law of a planar
Brownian motion started at (a,b) € R%, and let T’ be the Brownain motion’s first
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exit time from the first quadrant. Let a,b denote the constant functions on R.
Theorem 1.8 of Dawson and Perkins (1998) states that, for a,b > 0,

Pa7b[(utvvt) € ] = Vga,b) = Pa7b[(B%’7B%) € ] (4'16)
n (Mg,,)? as t — oo.
For a,b > 0 let M, 1) be the set of probability measures v on ((ehs

tem

)2 such that

sgp/(zﬁ(m) +02(z)) dv(u,v) < oo, (4.17)

tliglo [(Pou(z) — a)?® + (Pow(x) — b)?] dv(u,v) =0, allz €R.

(4.18)

where now P, is the semigroup of one-dimensional Brownian motion.

Although we may no longer invoke the “discrete” Theorem 3.2, it is easy to argue
directly as in Section 2, using (4.16), the continuous analogue of (4.2), and Theorem
6.1 in Dawson and Perkins, to prove the analogue of Theorem 4.1 given below. Let
d be a metric on M;((M¢E,,)?) inducing the topology of weak convergence on this

space of probability laws.

Theorem 4.2 Assume a,b >0, and v = L[(ug,v0)] € M, ;.
(a) d(PY) [(ug, ve) € ], Vfayb)) — 0 in dv(u,v)-probability as t — oco.
b) L[(ug,ve)] = V5 | ast — oo in the sense of weak convergence of probability
(a;b)
measures on (ME,,)?.

5 Linear systems with values in [0, c0)Z’

We consider a subclass of the linear systems treated in Chapter IX of Liggett (1985).
We set S = Z?, and, following Liggett (1985), use x,1,7,k,l to denote generic
elements of Z4. Our process will be denoted 7;, and takes values in [0,00)°. Let
A(z;i,7), x,4,§ € Z%, be nonnegative random variables. It is convenient to view
A(z) = A(z;i,7), i,j € Z%, as a random matrix indexed by Z¢ x Z%. Let 9 denote
the set of such infinite matrices. Given a configuration n € [0,00)%, let A(x)n be
the configuration defined by A(z)n(i) = >_; A(x;i,7)n(j). The process 7 is defined
as follows. At each x € Z< there is a rate one exponential alarm clock. If the
clock at site x goes off at time ¢, the configuration 7;_is replaced by A(z)n;—. At
each such time and site, independent instances of the A(z) are used and they are
identically distributed in time for each site . The smoothing and potlatch processes
introduced in Spitzer (1981) are the main examples of this type of process we will
consider.

Let i be the infinite measure on V = Z% x 91 given by

u(C x D) = P[A( C c 7%, Borel D C M. (5.1)

zeC

We assume there is a finite constant M such that

sup f [31Ge1) =860 + 32 14ex1.9) - 86 ] ot ) <

(5.2)
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This condition was introduced in Chapter IX of Liggett (1985) to ensure existence
of the desired process, and finiteness of second moments of its coordinates (see (1.4),
Lemma 1.6 and (3.2) of that reference). By Theorem IX.1.6 of Liggett (1985), there
is a strictly positive, summable function v on Z¢ such that

E[Z 3" ali)A(wsi,g)| < Ma()): (5.3)

r€Z9 i: i#£]

Let X = X, = {n € [0,00)%": (n,a) < 00}, endowed with the topology of pointwise
convergence. Under (5.2) there is a well defined Markov process 7; taking values
in X which is specified by the description above (see Theorem 1X.1.14 of Liggett
(1985) for a precise statement).

Let A(z) denote the transpose of A(z). Then we may define another process 7,
using the A(z) instead of the A(x). In order that 7; be well defined, we assume that
(5.2) holds with A replaced by A. As shown in Liggett (1985), 7, and 7, are dual
processes, exactly as in the parabolic Anderson model. Given ng € X and 79 € Xp,

_ . d .
(M 70) = (M0, 7¢)- (5.4)
Now define fi as u (5.1), but with A in place of A, and also
v =E[A-D@), F =E[A-D(2), (5.5)

and

Y= ;% = /(A — Ddu(z, A), ¥ = ;% = /(fl — Ddu(z, A). 56

Since the A(x) are nonnegative, v(i, j) and 7(i, j) are nonnegative for ¢ # j. Clearly
(5.2) implies all these coefficients are finite and sup, >~ |v(4, j)[ +[7(i, j)| < 0. We
also assume that

y1=1y=0. (5.7)

Thus, v and 7 are g—matrices for rate-one continuous time Markov chains on S
whose transition semigroups are 7; and 4, respectively. (Note that, for simplicity,
we have omitted the quantities a(i, j) in Liggett (1985).)

We now construct 7; as the unique solution of a stochastic differential equation
driven by a Poisson point process. Although this is not essential for our arguments,
it provides some additional methodology for the study of these linear systems, and
does not quite follow from the general constructions in Kurtz and Protter (1996).
We do this for g € Xy = {n € [0,00)%" : (n,1) < oo}, although our construction
holds more generally. Give X the topology of weak convergence of finite measures
on Z% and let D(Xy) denote the Skorokhod space of right continuous X j-valued
paths on [0,00) with left limits. Let N be a Poisson point process on [0,00) x V
with intensity m X p, with respect to the filtration F; on (Q, F,P) (m is Lebesgue
measure). Let N denote the orthogonal martingale measure

N(t,U)=N([0,¢],U) — tu(U) for u(U) < oo. (5.8)

Recall that fot [ f(s,w, :E,A)N(ds, dx,dA) is defined and is a local martingale for
a large class of integrands f (see section II.3 of Tkeda and Watanabe (1981)). For
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example if f € £2, the class of F;-predictablex Borel measurable functions such that
fotfv (s,w,z, A)Qduds] < oo for all t > 0, then fo ff (s,w,z, A)N(ds,dx,dA) is

a square-integrable martingale with square function fo fv s,w,z, A)?duds. For
square summable 7 € [0, 00)%, let

abmid) = | D (A, =806 D) 3 (A1) =305 D) e
I (5.9)

An application of Holder’s inequality and (5.2) implies |q(n;4,7)| < M||n||3 < cc.

Proposition 5.1 (a) There is a unique process {n; : t > 0} with paths in D(Xy)
such that

t
e ="no + / / (A—1I)ns_N(ds,dz,dA) forallt >0, a.s.
o Jv (5.10)

Its law coincides with the law of the process constructed in Theorem IX.1.14 of
Liggett (1985) (and described above).
(b) The total mass process

(e, 1) = (o, 1 // ((A = Ins—,1)N(ds, dz, dA) (5.11)

s a non-negative square-integrable martingale with predictable square function

= t — 2 s = t s !
Cr = / /V (A Dne 1) dpid / (1,40, )1)ds € L1, -

Moreover if we let

t
Co= [ [ A= Dl 1) duds, (5.13)
0 Jv
then Cy is also integrable.
(¢) We have
t
ur =770+/ s ds + M, (5.14)
0
where for each i € 72,
/ / (A — I)ne_(i)N(ds, dz, dA) (5.15)

s a square-integrable martingale satisfying

(M (i), M(j)) = / 4(nes i) ds. (5.16)

Proof. (a) Let {S,} be a sequence of finite sets increasing to Z?. As in Liggett
(1985) we start with solutions n}* of the truncated system

t
= o +/ / 15, (2)(A — D)y N(ds, dz, dA). (5.17)
0 1%
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Such solutions exist and are unique because N has finite intensity on compact time
intervals if z is restricted to S,,. With our finite initial conditions we may argue as
in Theorem IX.1.14 of Liggett (1985) but with o =1 to conclude that the limits

nlggo E[n?] = My, nlggo E[<77?7 1>] = (mq, 1>7 (5'18)
exist, and
E[(n®, 1)] < (o, 1) e3M* for all n € N, ¢ > 0. (5.19)

Define the matrices a, = E[|(A — I)(z)|] and

Q:Zax:/v|(A—I)|du. (5.20)

For m < n,

E [sup(|n: — 2", 1)]
s<t

== t [ 1A= Dl - 13) N(ds. o)
+E [/Ot/vlsnsm(x)ﬂ(A - D2, 1>N(ds,dz,dA)]

[ Y @Bl - nass [ @Bl o

TESm, 0 2e8,—85n

<[swarn] | [ Bt 0] ds [ B mak ) s
+/Ot S (awme, 1) ds.
€S —Sm

Denote the last term in the above by €., (). Note that (5.2) (applied to A) implies
sup; >, a(i, j) < M. This together with (5.19) implies that

t t
/ (amg, 1) ds < M/ (no, 1)e3Ms ds, (5.22)
0 0

and so sup;<q €m,n(t) — 0 as m,n — oo by dominated convergence. Clearly (5.18)
implies that for each s, lim,, o (|E[n?] — ms|,1) = 0, and so (5.19) and dominated
convergence show that the “middle term” on the right side of (5.21) approaches 0
as m,n approach oo. Substituting the above bounds into the right side of (5.21),
we arrive at

t
E {Supﬂng -3, 1>} < M/ E [(Ing =", 1)] ds + m.n(t),
s<t 0 (5.23)

where 0, , is an increasing function in ¢ which approaches 0 as m,n — oco. This
shows that for each T > 0,

E [sup(hﬁ — ", 1>} < S (T)eMT — 0 as m,n — co. (5.24)
t<T
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By taking a subsequence we may assume that there is a process 7; with sample
paths in D(X}) such that lim, . sup,<p(|n;" — n¢,1) — 0 for all T > 0 a.s. The
above argument and Fatou’s lemma also show that

B[su) / / (L (@)((A = D =15, 1)) N(ds, dz, dA) || — 0 as m an

Now let n — oo in (5.17) to derive (5.10). The fact that the law of this solution
coincides with that of the process constructed in Theorem IX.1.14 of Liggett (1985)
is immediate from the construction of the latter as the weak limit of solutions to
(5.17).

Turning to the uniqueness of solutions to (5.10), we let  denote any solution of
this equation. If T,, = inf{¢ : (n:, 1) > n}, then

tAT,
/ / (I(A=D)ns—, 1>duds]
0 v
/tATn _ ds} (5.26)
0

again by applying (5.2) to A. The right side of the above is clearly finite, and so
fn(t) = E[{(niar,, 1)] is a finite function satisfying

E[(niaT,,1)] < (n0,1) + E

fn(t)§<no,1>+M/O fa(s)ds. (5.27)

From this and Fatou’s lemma, we finally arrive at the bound
E[(n:,1)] < (no, 1)e™". (5.28)

The uniqueness now follows as in Section 9.1 of Kurtz and Protter (1996). We
apply their reasoning with F;(ns—, A,2) = (A — I)ns—(4), and note that (9.2) of
that reference holds with their a; ; equal to our a(i, j), and their (9.6) holds with
p=1,q9g=o00,and a = 1 by (5.2). Of course, F; is not bounded as in that reference,
but this was only used to derive (5.28) and so is not needed.

Parts (b) and (c) of Theorem IX.2.2 of Liggett (1985) shows (n;,1) is a mar-
tingale (this is also immediate from the representation and integrability conditions
derived below). Note that

[ AT,
E[Cirr,] = E /0 /‘/<|(A_I)|ns—71>2dﬂd31

tATy, 9 s N i 2 S
<E /O (ns,1)%2 I_P/V“'(A Di) d“d] (5.20)

tATy,
<E/ (ns,1)?2M ds| < oo,
0

where we again use (5.2) for A. The square integrability of (a7, ,1) is now clear
from the above and (5.10). We also see from the above that

E [(miat,,1)%] < 2(no,1)* 4+ 2E[Ciar, ]

< 2(n,1)* + 4AME [/Otmsm, 1)2 ds] ' (5.30)
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It follows that

E [(niar,, 1)?] < 2(no, 1)%e*, (5.31)

and Fatou’s lemma shows that (n:, 1) is square-integrable. Use this and let n — oo
in (5.29) to obtain the integrability of C(t) for each t.

The above integrability allows us to rewrite (5.10) as (see Section I1.3 of Tkeda
and Watanabe (1981))

t t
m=m+ [ [A=Dydpass [ [ (4= Dn s, do,dn),
0 1% 0 1% (5.32)

and this gives the expression in (c¢). The formulae for the predictable square func-
tions are immediate from our earlier discussion on the N stochastic integrals. To
see the representation for (n;,1) in (b) simply sum (5.10) over the sites in S. The
stochastic integrals converge in L! by (5.2) and integrability of the total mass, and
(5.7) shows that the resulting integral with respect to N equals the same integral
with respect to the martingale measure N. The integrability of C(t), and hence of
C(t), implies that C(t) is the predictable square function of this stochastic integral
representation of the total mass process (for it shows the integrand is in £2). O

Remark 5.1 Note that

DN, MG

/Z /|Au 5. Y |AG3") — 6(7.4")] damai'Yna) ds

1,53 ,5"

(5.33)
=C,

and so the above integrability of C; implies (3.5) in Section 3.

If 7o € Xp, the above shows that (7;, 1) is a nonnegative martingale, and hence
converges almost surely. In view of the duality relation (5.4), this implies weak
convergence of 7; starting from constant initial states. That is, if § € [0, 00) and 7!
is the linear system with initial state ng = 0, then there is a probability measure vy
on X such that

Ln?] = vy ast — 0o

as probability measures on [0, o0 z with the product topolo . Moreover, if
y Y
¢ S 4(Fa

E?[e 0110 = Ele (m,¢>>]
(5.34)
— / (n,¢) dl/g as t — oo.

For 6 € [0,00), define My to be the collection of probability measures v on X
such that (recall that -y is the semigroup of the g—matrix 7 defined in (5.6))

sgp/nQ(k) dv(n) < oo, (5.35)
tli}rg)/(wm(k) —0)*dv(n) =0, keczZ% (5.36)
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Define C' and C' as in Proposition 5.1, but with (77, A) in place of (1, A). Hence
C, = f(f (1, G(7s)1)ds is the predictable square function of the non-negative martin-
gale (f,1). For the following result, we recall that our standing hypotheses (5.2)
and (5.7) are in effect, and that ¢ is the covariation kernel defined in (5.9).

Proposition 5.2 Let § € [0,00) and v = L[ng] € Mg. Assume that 7o € Xy, and

/OOO<1, lq(7)|1) dt < o0 a.s. P, (5.37)

Then
(no —6,7) — 0 (5.38)
in v @ P -probability as t — oo.

As in Section 2, the second moment condition can be weakened in the random walk
setting

(i, §) = (0,5 —1),  i,j €L (5.39)
A truncation argument can be used to prove

Corollary 5.1 If (5.37) holds, « is the g-matriz of random walk, and v = Lno] is
translation invariant, shift ergodic and satisfies [ 1(0)dv(n) = 6, then (5.38) holds.

We may apply the duality argument used in the previous sections to obtain the
following result.

Theorem 5.1 Assume (5.37) holds for all g € Xy, and either (i) Lno] € Ma,
or (ii) v is the g-matriz of a random walk and Llno] is translation invariant, shift
ergodic and satisfies [n(0)dv(n) =60. Then L[n] = vg as t — oo.

Remark 5.2 It is possible to formulate and prove a stronger result, analogous to
part (a) of Theorem 4.1.

Remark 5.3 Theorems 3.17 and 3.29 in Chapter IX of Liggett (1985) give condi-
tions under which L[n] = v if v is the g-matriz of a random walk, and L[no] is
translation invariant and shift ergodic. Theorem 5.1 above solves, at least in part,
Problem 5 of Chapter IX in Liggett (1985).

Proof of Proposition 5.2. Apply Itd’s lemma to ;47 in the decomposition for 7
in Proposition 5.1(c) to see that

e = Feflo + NY, (5.40)

where

R -% | aertinast o) = [ ait, o<s<e (5.41)

and M is defined as in Proposition 5.1(b) with A, 7, in place of A, n,. Our

assumption (5.2) easily gives us enough summability to verify that the bounded
variation term in the above vanishes, and Remark 5.1 shows the above series of
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martingales is L2-convergent. Therefore (3.2) holds, while (3.1) is immediate from
Proposition 5.1, as is (3.5) (see Remark 5.1). Finally, (3.6) is precisely (5.37) (by
(5.16)), and so we may apply Theorem 3.2 with v equal to the law of ng — 6. O

With a view to verifying (5.37) we would like to infer Cs, < oo from the a.s.
convergence of (7, 1). To apply Lemma 3.1 we will need

K >0: sup Y [[(A= 1)) J)| + (A= D@)6 )] < K p-aa (z,A),
i3 (5.42)

Proposition 5.3 Let 7y € X¢, and assume either condition (5.42), or

sup E™[(7;,1)?] < 0. (5.43)
t
Then
Cy = / (1,q(715)1) ds < o0 a.s. (5.44)
0

Proof. For n € N we define T,, = inf{t > 0 : (7,1) > n}. If (5.42) holds
and n > (7o, 1), then Proposition 5.1(b) shows that |(fir, — 7, -, 1)| < nK a.s.
on {7, < oo}, where K is as in (5.42) and so Lemma 3.1 implies the required

conclusion. If the other hypothesis holds, then E[Cs] < o0 is obvious. O

Theorem 5.2 Assume either that condition (5.42) holds, or for each 7y € Xy,
sup, B [(7i;,1)2] < co. Assume also that q(n;i,j) > 0 for all i,j € Z% and square
summable n. Then (5.37) holds, and therefore, if L[no] € Mg or Lno] and v are as
in Corollary 5.1, then L[n] = vy ast — oco.

Proof. As q(7;;4,7) > 0, clearly the integral in (5.37) is just Cso. Proposition 5.3
therefore implies (5.37). The result now follows from Theorem 5.1. [

5.1 The Smoothing and Potlatch Processes

The two primary examples we consider are the smoothing process and the potlatch
process, which are dual to one another. Let p(i,j) be a doubly stochastic Markov
chain matrix, and let W be a bounded nonnegative random variable with mean
1. For the smoothing process, when the clock at x goes off, n(x) is replaced by
W,pn(z), and all other coordinates are left fixed. Here, the W, x € 74 are iid
with law L[W]. For the potlatch process, when the clock at site z goes off, the
configuration 7 is replaced by A(x)n, where A(z)n(x) = p(x, x)Wyn(z), and for ¢ #
x, A(x)n(i) = n(i) + Wen(z)p(x,i). That is, the value n(x) is removed, multiplied
by W, and then redistributed according to the kernel p(z,4). The two processes
are respective duals.
For the smoothing process,

17 { :j # €T,
A(w;i, j) = { Wap(i, j), i=w, (5.45)
0, else,

and hence

(A= I)(;1,5) = (Wap) — I)(4,5)0(i, ) .
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It follows that
(1A = I)(@)| + (A = D(@))16) < 2(Wa + 13, 2). (5.46)

The boundedness condition on W shows that (5.42) holds and also gives (5.2) (al-
though square integrability suffices for the latter). Note also that (5.7) is true
because W has mean 1. We also have

a(n;i,7) = E[(Wp) — 1)n)(i)*)6(, 5)
= (E[W? — 1]pn(i)* + (p — I)n(i)*)8(i, ) > 0.
Thus, Theorem 5.2 applies when 7; is the smoothing process, and hence we obtain

a convergence result for the dual of the smoothing process, which is the potlatch
process.

(5.47)

Theorem 5.3 Let n; be the potlatch process, and assume that L[ng] € My, or that
p(4,7) is a random walk kernel and L[ng)] is translation invariant, shift ergodic and
satisfies E[no(0)] = 6. Then L[n:] = vy ast — oo.

For the potlatch process,

17 1= .] # €T,
Az, j) =  Wap(4,4), j =2, (5.48)
0, else,

and hence

(A - I)(LL',Z,]) = (Wwp(]vl) - 6(.777’))6(.77 JJ)

and we have already checked (5.2) and (5.42) (see (5.46)). As before, (5.7) also
holds. Furthermore,

a(n;i,5) =Y E[(Wp(k,i) = 6(k,i))(Wpl(k, ) — 6(k, j))In(k)?,
k

and

(1,q(n1) = (EW?] = 1)(n*, 1).

Now, in the case that P[W = 1] < 1, E[W?] > 1, so it follows from Proposition 5.3
that

/ (n?,1)dt < oo as. P, (5.49)
0

On the other hand, from the above expression for ¢(n;1,j),
(1,]q(m1) < (E[W?] +3)(n*, 1). (5.50)

Therefore, (5.37) holds by (5.49). Consequently, we obtain a convergence result for
the smoothing process via Theorem 5.1 in the case that P[W =1] < 1.

In the case that P[W = 1] = 1, then (n;,1) = (19, 1) with probability one for
all ¢, and there is no obvious way to obtain (5.37) in general. We now give a direct
derivation of (5.49) that holds in the transient, random walk (i.e., (5.39) holds)
case. Let p(i,7) be the symmetrized kernel, p(i,5) = (p(4,5) + p(4,4))/2, and let
G(i,j) = [ Ds(i, ) ds (vecall (1.1)).
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Proposition 5.4 Let 1 be the potlatch process. Assume (5.39), G'(O, 0) < o0, and
G(0,0
2] < ( ’ )

E[W - :
(pGp)(0,0)

(5.51)
Then for any initial no € Xy,

/ E[(2, 1)] dt < oo, (5.52)
0
Remark 5.4 The assumption G'(0,0) < oo implies that the right side of (5.51) is
strictly larger than 1. Thus, (5.49) must hold when G(0,0) < co and P[W = 1] = 1.
Proof. Note that v, = P; since E[W] = 1. By (5.40)

E[ni (k)] = (Pono(k))? + E[(N} (k))?]. (5.53)

It is the second term on the right side above that requires the most effort. By (5.49)
and (5.16)

E[N} ()?] =
3 / Pl Dpes (. 5) S BI(Wp) — DL )W) — D) (L, j)ER2(D)] d.
1,9 !

By summing on k, we obtain

B( = 32 [ B9 = D0 = DG DRI
(5.54)

We define
p(t) = E[(Wp) — Dpe (WD) — D](i,i), i€,
which by translation invariance of p and p; does not depend on 7. Note that

Ammwﬁ—EKM@w—mémvv—Immm
:Emvﬂ@é@mmn—émmn+z

(5.55)

and that, by assumption, fo t)dt < 2. Hence

/0 "B, 1)] bt = / T((Ptﬁo) 1) dt + /
<5 (om o [t

/T E[(2,1)] dt < WJ’—% < o0. (5.57)
0

=

2(t — 5))E[(n2,1)]

o
/ (02,1 ) 7 (5.56)

and we get

Now let T'— oo. In particular

G(0,0) (n0,1)? < oo0.

| Bl -
0 G(0,0) — E[W?](pGp)(0,0) (5.58)

O

To sum up, we now have the following.
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Theorem 5.4 Let n; be the smoothing process. Assume either that P[W = 1] < 1,
or that P[W = 1] = 1, (5.39) holds and G(0,0) < co. If L[no] € Ma, or p(i, ) is
a random walk kernel and L[no] is translation invariant, shift ergodic and satisfies
E[n0(0)] =0, then L[] = vp as t — oo.

Finally we note that our method fails for the smoothing process with P[IW =
1] = 1. First of all it is clear that we could not get (5.49) as we did above. In fact,
we can give an example where (5.49) turns out to be wrong. Hence in this case we
could not apply any version of Theorem 3.1. Here is the example.

Consider the nearest neighbour smoothing process 7; and potlatch process 7j;
on Z with P[W = 1] = 1. Hence, if A(4,j) is given by (5.48), [(A —I)(i,k)(A —
(4, 0)dp =5k, ))(p — I)(k,i)(p — I)(l,j) assumes the values

1, i=j=k=1,
_l, Z/\J‘]:k:l7

: (5.59)
R jNZ:k:la

Lo j~k=l~i,

where i ~ j means |i — j| = 1. In particular, q(1z;4,4+2) = %lk:iJrl. It follows
that

) ~ 1 oo~2
| =g [t (5.60)

Note that for the potlatch process, (ij;,1) = (fjp,1) = 1 P%-as., t > 0, and
E%[7;(u)] = 7¢(0,u), where v; = P, the probability transition function of nearest-
neighbour, rate-one, continuous random walk on Z. Let p; = 1(_s/4 43/4). By
Chebyshev’s inequality, there exists a C' € (0, 00) such that

E% (i, 1 — py)] < C/t3/2

On account of this estimate,

/ E% (i, 1 — po)]dt < oo,
0

By the Borel-Cantelli lemma, it follows that
n+1
lim (5,1 —p)=0  P% —q.s. (5.61)

n—oo
n

From this one can show, using the bounded transition rates of the potlatch process,
that lim; o (7, 1 — p;) = 0 P%-a.s., and thus

Jim (7, pr) = 1 Po-a.s. (5.62)
Since (7, pi)? < (77, 1)(1, pr), and (1, p) ~ 2t3/* as t — oo,

[e'e] o0 /= 2
/ (72,1) dt > / {16 P0” 3y — o, Poo_as.
1 1 (L)

by (5.62). Thus, (5.49) does not hold.
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